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Università degli Studi di Salerno, Italy

ibochicchio@unisa.it

Abstract

The asymptotic behavior of the solutions for a non-isothermal model in superfluidity

is studied. The model describes the transition between the normal and the superfluid

phase in liquid 4He by means of a non-linear differential system, where the concentration

of the superfluid phase satisfies a non-isothermal Ginzburg-Landau equation. Starting

from an existence and uniqueness result known for this problem, the system is proved

to admit a Lyapunov functional. This allows to obtain existence of the global attractor

which consists of the unstable manifold of the stationary solutions.
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1. Introduction.

When the temperature overcomes a critical value of about 2.2K, liquid
helium II undergoes a phase transition between the normal and the super-
fluid state. This is apparent in the ability of helium to flow through narrow
channels with no viscosity.

The phenomenon of superfluidity can be interpreted as a second-order
phase transition and accordingly set into the framework of the Ginzburg-
Landau theory (see e.g. [4,6]). In particular, the order parameter f related
to this transition is identified with the concentration of superfluid phase.
The other state variables describing the behavior of the superfluid are the
velocity vs of the superfluid component and the ratio u between the absolute
temperature and the transition temperature. The derivation of this model
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and the interpretation of some physical aspects related to superfluidity can
be found in [7].

The evolution of f is ruled by the Ginzburg-Landau equation typical of
second order phase transitions (see [6]), i.e.

(1.1) γft =
1
κ2

∆f − f(f2 − 1 + u+ v2
s),

where γ, κ are positive constants. This equation allows to prove that if vs

overcomes a threshold value, the unique solution satisfying the conditions

∇f · n|∂Ω = 0, f(x, 0) = f0(x),

is f = 0. In other words, there exists a critical velocity above which super-
fluid properties disappear so that the material is in the normal phase.

In agreement with Landau’s viewpoint, each particle of the superfluid
is considered as a pair endowed with two different excitations, normal and
superfluid, represented respectively by two components vn and vs of the
velocity. The normal component vn is supposed to be expressed in terms
of the superfluid velocity through the constitutive equation (see [7])

vn = ∇× vs.

The superfluid component is assumed to solve the equation

(1.2) (vs)t = −∇φs − µ∇×∇× vs − f2vs +∇u+ g,

where µ is a positive constant, g is a known function related to the body
force and φs is a suitable scalar function satisfying

(1.3) ∇ · (f2vs) = −κ2γf2φs.

We associate to equations (1.2) and (1.3) the following boundary and
initial conditions

vs · n|∂Ω = 0, (∇× vs)× n|∂Ω = ω, vs(x, 0) = vs0(x).

We notice that (1.2) and (1.3) are similar to equations ruling the evo-
lution of the velocity of the superconducting electrons in the framework of
superconductivity [11], when f2 is the concentration of the superconducting
electrons. The main difference with superconductivity is the occurence of
the term ∇u introduced in order to explain the thermomechanical effect.
Indeed, since ∇u has the same sign of the acceleration, an increase of the
temperature yields a superfluid flow in the direction of the heat flux.
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In this model, we assume that the heat flux q satisfies the constitutive
equation

q = −k0u∇u,

namely, q obeys the Fourier law where the thermal conductivity depends
linearly on the temperature. With this choice and by means of the thermal
balance law and the first principle of Thermodynamics, it has been proved
in [7] that the evolution equation for the temperature is given by

(1.4) c0ut − fft = k0∆u+∇ · (f2vs) + r,

where c0 > 0 is related to the specific heat and r is the heat supply. The
temperature is required to verify the boundary and initial conditions

u|∂Ω = ub u(x, 0) = u0(x) .

2. Well-posedeness

In order to deal with a more convenient functional setting for the dif-
ferential equations (1.1)-(1.4), we introduce the following decomposition of
the variables vs, φs

(2.1) vs = −A +
1
κ
∇ϕ, φs = ∇ ·A− 1

κ
ϕt,

where A and ϕ satisfy

(2.2) A · n|∂Ω = 0, ∇ϕ · n|∂Ω = 0

and the complex valued function ψ defined as

ψ = feiϕ.

Furthermore, we assume that g, r,ω, ub are time independent.
In addition, we consider the new variables

Â = A−AH, û = u− uH,

where AH and uH are solutions of the problems
∇×∇×AH = 0
∇ ·AH = 0
AH · n|∂Ω = 0
(∇×AH)× n|∂Ω = −ω

{
∆uH = 0
uH|∂Ω = ub
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Accordingly, the differential system can be written in terms of the variables
ψ, Â, û as

γψt =
1
κ2

∆ψ − 2i
κ

(Â + AH) · ∇ψ − ψ|Â + AH|2

+iβ(∇ · Â)ψ − ψ(|ψ|2 − 1 + û+ uH)(2.3)

Ât = ∇(∇ · Â)− µ∇×∇× Â− |ψ|2(Â + AH) +
i

2κ
(ψ∇ψ̄ − ψ̄∇ψ)

−∇û−∇uH − g(2.4)

c0ût =
1
2

(ψtψ̄ + ψψ̄t) + k0∆û

+∇ ·
[
−|ψ|2(Â + AH) +

i

2κ
(ψ∇ψ̄ − ψ̄∇ψ)

]
+ r(2.5)

with homogeneous boundary conditions

Â · n|∂Ω = 0 (∇× Â)× n|∂Ω = 0(2.6)
∇ψ · n|∂Ω = 0 û|∂Ω = 0(2.7)

and initial data

(2.8) ψ(x, 0) = ψ0(x) Â(x, 0) = Â0(x) û(x, 0) = û0(x),

where Â0(x) = A0(x)−AH(x), û0(x) = u0(x)− uH(x) and β = κγ − 1/κ.
We denote by z = (ψ, Â, û) and introduce the functional spaces

Z1(Ω) = H1(Ω)×H1(Ω)× L2(Ω),
Z2(Ω) = H2(Ω)×H2(Ω)×H1

0 (Ω),

where Lp(Ω) and Hp(Ω) are the usual Lebesgue and Sobolev spaces with
their standard norms and the spaces

H1(Ω) =
{
w ∈ H1(Ω) : w · n|∂Ω = 0

}
,

H2(Ω) =
{
w ∈ H2(Ω) : w · n|∂Ω = 0, (∇×w)× n|∂Ω = 0

}
endowed respectively with the norms

‖w‖2H1 = ‖∇ ·w‖2 + ‖∇ ×w‖2,
‖w‖2H2 = ‖∇(∇ ·w)‖2 + ‖∇ ×∇×w‖2.

Here and in the sequel the symbol ‖ · ‖ stands for the L2−norm.

Theorem 2.1. Let z0 = (ψ0, Â0, û0) ∈ Z1(Ω), AH ∈ H1(Ω), uH ∈ H1(Ω),
g, r ∈ L2(Ω). Then, for every T > 0, there exists a unique solution z of the

4



Asymptotic behavior in superfluidity

problem (2.3)-(2.8) such that

ψ ∈ L2(0, T,H1(Ω)) ∩H1(0, T, L2(Ω))
Â ∈ L2(0, T,H1(Ω)) ∩H1(0, T, L2(Ω))
û ∈ L2(0, T,H1

0 (Ω)) ∩H1(0, T,H−1(Ω)).

Moreover ψ ∈ L2(0, T,H2(Ω)) ∩ C(0, T,H1(Ω)), Â ∈ L2(0, T, H2(Ω)) ∩
C(0, T, H1(Ω)), û ∈ C(0, T, L2(Ω)).

The proof of this result is given in [2].

In order to study the long-time behavior of the solution to problem
(2.3)-(2.8), further assumptions on the sources are required. In particular,
we assume that g ∈ H1(Ω) and

∇ · g = 0, r = 0.

Moreover, since ∆uH = 0, there exists a vector-valued function G such that

∇uH + g = ∇×G, G× n|∂Ω = 0.

Theorems 2.1 ensures that (2.3)-(2.8) generate a strongly continuous
semigroup S(t) on the phase space Z1(Ω) (see e.g. [10]), provided that the
solution of the problem depends continuously on the initial data. To this
aim, we need to prove some a-priori estimates of the solutions (see [1]).

Lemma 2.1. The solution of (2.3)-(2.8) with initial datum z0 ∈ Z1(Ω)
such that ‖z0‖Z1 ≤ R, satisfies the following a-priori estimates

sup
t≥0

(‖ψ(t)‖H1 + ‖Â(t)‖H1 + ‖û(t)‖) ≤ CR,(2.9)

sup
t≥0

∫ t

0

(
‖ψt‖2 + ‖Ât‖2

)
ds ≤ CR,(2.10) ∫ t

0

(
‖ψ‖2H2 + ‖Â‖2H2 + ‖û‖2H1

0

)
ds ≤ CR(1 + t), t > 0,(2.11) ∫ t+1

t

(
‖ψ‖2H2 + ‖Â‖2H2 + ‖û‖2H1

0

)
ds ≤ CR, t > 0,(2.12)

where CR depends increasingly on R.

The previous lemma allows to prove the continuous dependence of the
solutions to (2.3)-(2.8) on the initial data.
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Theorem 2.2. Let zi = (ψi, Âi, ûi), i = 1, 2 be two solutions of (2.3)-(2.8)
with data (AH, uH,G) ∈ H1(Ω)×H1(Ω)×H1(Ω) and z0i = (ψ0i,A0i, u0i) ∈
Z1(Ω), i = 1, 2. Then, there exists a constant CR such that

‖z1(t)− z2(t)‖2Z1 ≤ CRe
CRt ‖z01 − z02‖2Z1 .

Moreover, inequality

(2.13)
∫ t

0
‖z1(t)− z2(t)‖2Z2 ds ≤ C(t)‖z01 − z02‖2Z1

holds, where C(t) is a suitable function depending on t.

In the sequel, we denote by S(t)z0 the unique solution to (2.3)-(2.7)
with initial datum z0, i.e. S(t)z0 = z(t), z(0) = z0.

3. The global attractor

In this section we prove existence of the global attractor for the semi-
group S(t) and of an absorging set, whose definitions are given below.

Definition 3.1. The global attractor A ⊂ Z1(Ω) is the unique compact
set which is

(i) fully invariant, i.e.

S(t)A = A, ∀t ≥ 0;

(ii) attracting, i.e.
lim
t→∞

distZ1(S(t)B,A) = 0

for every bounded set B ⊂ Z1(Ω), where distZ1 denotes the usual
Hausdorff semidistance in Z1(Ω).

Definition 3.2. A bounded subset B1 ⊂ Z1(Ω) is an absorbing set for the
semigroup S(t) if for every bounded set B ⊂ Z1(Ω) there exists t1(B) such
that

S(t)B ⊂ B1 ∀t ≥ t1(B).

Usually, the first step to prove existence of the global attractor consists
in showing that the semigroup admits a bounded absorbing set and that
the operators S(t) are uniformly compact for large values of t ( [10, Theor.
1.1]). This approach has been followed in [3] in the framework of super-
conductivity where the authors analyzed the asymptotic behavior of the
solutions by taking advantage of a maximum theorem which guarantees
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the bound f2 ≤ 1 almost everywhere. Here, we are unable to obtain di-
rectly the estimates that guarantee the dissipativity of the semigroup, due
to the presence of the absolute temperature. More precisely, the boundness
of |ψ| could be established by exploiting the positivity of the absolute tem-
perature. Unfortunately, even if from a physical point of view u > 0, such
a bound cannot be proved a-priori from equations (2.3)-(2.5).

Thus we adopt a different strategy showing that the semigroup S(t)
possesses a global attractor by means of a Lyapunov functional.

We denote by S the set of stationary solutions of problem (2.3)-(2.7),
namely every steady solution satisfies

0 =
1
κ2

∆ψ − 2i
κ

(Â + AH) · ∇ψ − ψ|Â + AH|2 + iβ(∇ · Â)ψ

−ψ(|ψ|2 − 1 + û+ uH)(3.1)

0 = ∇(∇ · Â)− µ∇×∇× Â− |ψ|2(Â + AH) +
i

2κ
(ψ∇ψ̄ − ψ̄∇ψ)

−∇û−∇×G(3.2)

0 = k0∆û+∇ ·
[
−|ψ|2(Â + AH) +

i

2κ
(ψ∇ψ̄ − ψ̄∇ψ)

]
(3.3)

Â · n|∂Ω = 0 (∇× Â)× n|∂Ω = 0(3.4)
∇ψ · n|∂Ω = 0 û|∂Ω = 0(3.5)

Definition 3.3. A continuous function L : Z1(Ω)→ R is said a Lyapunov
functional if

(i) t→ L(S(t)z) is non-increasing for any z ∈ Z1(Ω);
(ii) L(z)→∞⇔ ‖z‖Z1 →∞;
(iii) L(S(t)z) = L(z), ∀t > 0⇒ z ∈ S.

Prop 3.1. The function

L(ψ, Â, û) =
1
2

∫
Ω

{∣∣∣∣ iκ∇ψ + ψÂ + ψAH

∣∣∣∣2 +
1
2

(|ψ|2 − 1)2 + |ψ|2uH

+µ|∇ × Â|2 + η(∇ · Â)2 + 2∇×G · Â + c0û
2

}
dv,

where η = 2k0/(k0 + 1), is a Lyapunov functional.

Proof. By means of (2.3)-(2.7), a direct check leads to the inequality

(3.6)
dL
dt

=
∫

Ω

[
−γ|ψt − iκψ∇ · Â|2 − q(Ât,∇(∇ · Â),∇û)

]
dv,
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where

q(Ât,∇(∇ · Â),∇û) = |Ât|2 + |∇(∇ · Â)|2 + (k0 + 1)|∇û|2 + 2Ât · ∇û
+ (η − 2)Ât · ∇(∇ · Â)− 2∇(∇ · Â) · ∇û.

Since η = 2k0/(k0 + 1), q is a positive definite quadratic form. Therefore L
is non-increasing.

Moreover, by letting

F1(ψ, Â, û) =
∥∥∥∥ iκ∇ψ + ψÂ + ψAH

∥∥∥∥2

+
1
2
‖ |ψ|2 − 1 ‖2 +

∫
Ω
|ψ|2uHdv

+ ‖Â‖2H1
+ ‖û‖2,

the following inequalities hold

c1F1 − c2 ≤ L ≤ c3F1 + c2

‖z‖2Z1 ≤ C
[
1 + F1(z) + F2

1 (z) + F3
1 (z)

]
F1(z(t)) ≤ C(1 + ‖z(t)‖2Z1 + ‖z(t)‖4Z1).

Hence, we deduce that

L(z)→∞ ⇔ F1(z)→∞ ⇔ ‖z‖Z1 →∞.

Finally, if L(S(t)z) = L(z) for every t > 0, then from (3.6) and the
positive definitess of q we deduce that

ψt − iκψ∇ · Â = 0, ∇(∇ · Â) = ∇û = Ât = 0.(3.7)

Hence ∇ · Â = 0, which, in view of (3.7)1 implies ψt = 0. By substituting
the previous relations into (2.4) and (2.5), we obtain ût = 0. Thus, z ∈ S.

Existence of the global attractor is based on the following abstract result
(see e.g. [9]).

Lemma 3.1. Let the semigroup S(t), t > 0 satisfy the following conditions

(a) S(t) admits a continuous Lyapunov functional L;
(b) the set S of the stationary solutions is bounded in Z1(Ω);
(c) for any bounded set B ⊂ Z1(Ω), there exists a compact set KB ⊂
Z1(Ω) such that S(t)B ⊂ KB, t > 0.

Then, S(t) possesses a connected global attractor A which coincides with
the unstable manifold of S, namely

A = {z ∈ Z1(Ω) : z belongs to a complete trajectory S(t)z, t ∈ R,
lim

t→−∞
distZ1(S(t)z,S) = 0}.
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Theorem 3.1. The semigroup S(t) possesses a connected global attractor
A ⊂ Z1(Ω). In addition, S(t) possesses a bounded absorbing set B1 ⊂ Z1(Ω)
of radius

(3.8) R1 = 1 + sup{‖z‖Z1 , L(z) ≤ K},

where K = 1 + sup
z∈S
L(z).

Proof. Existence of the global attractor for the semigroup S(t) is estab-
lished once we prove conditions (a), (b), (c) of Lemma 3.1.

Proposition 3.1 assures that S(t) satisfies (a). Let z ∈ S. Thus, dL
dt = 0

and, in view of the positive definiteness of q,

∇û = 0, ∇(∇ · Â) = 0.

Moreover, (2.6)-(2.7) lead to

û = 0, ∇ · Â = 0.

By multiplying (3.1) by 1/2ψ̄, its conjugate by 1/2ψ, (3.2) by Â and inte-
grating over Ω, we deduce

‖ψ‖H1 ≤ C, ‖Â‖H1 ≤ C,

namely, condition (b).
Now we prove condition (c). Let S(t)z, t > 0, be a solution to problem

(2.3)-(2.8) with initial datum z ∈ Z1(Ω) such that ‖z‖Z1 ≤ R. In view of
the compact embedding Z2(Ω) ↪→ Z1(Ω), our goal consists in proving the
existence of a positive constant CR depending on R, AH, uH,G such that

(3.9) ‖z(t)‖Z2 ≤ CR, t > 0.

Let us multiply (2.3) by 1/2 ∆ψ̄t and its conjugate by 1/2 ∆ψt. Adding
the resulting equations and integrating over Ω, thanks to the boundary
condition (2.7)1, we obtain

1
2κ2

d

dt
‖∆ψ‖2 + γ‖∇ψt‖2 ≤ 4ε‖∇ψt‖2 + CR

[
‖Â + AH‖2H2‖ψ‖2H2

+‖Â + AH‖4H2 + ‖ψ‖4H2 + ‖ψ‖2H2‖û‖2H1
0

+ 1
]
,(3.10)

where ε is a suitable constant.
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Multiplying (2.4) by ∇ × ∇ × Ât and keeping (2.6)2 into account, an
integration over Ω provides

µ

2
d

dt
‖∇ ×∇× Â‖2 + ‖∇ × Ât‖2

≤ 3ε‖∇ × Ât‖2 + CR

(
‖ψ‖4H2 + ‖Â + AH‖2H2 + 1

)
.(3.11)

Let us multiply (2.4) by ∇(∇ · Ât)−∇ût. An integration by parts and
boundary conditions (2.6)-(2.7) lead to

1
2
d

dt
‖∇(∇ · Â)−∇û−∇×G‖2 + ‖∇ · Ât‖2 ≤ 3ε‖∇ · Ât‖2

+
(
ε+

1
4ε

)
‖ût‖2 + CR

[
1 + ‖Â + AH‖2H2 + ‖ψ‖4H2

]
.(3.12)

Finally, let us multiply (2.5) by 1/(2εc0)ût and integrate over Ω, thus
obtaining

k0

4εc0

d

dt
‖∇û‖2 +

1
2ε
‖ût‖2

≤ 1
c0
‖ût‖2 + CR

[
‖ψ‖2H2‖ψt‖2 + ‖ψ‖2H2 + ‖Â + AH‖2H2

]
.(3.13)

By adding inequalities (3.10)-(3.13) and choosing properly ε, we obtain

(3.14)
d

dt
F2 ≤ ξ(t)F2 + ξ(t),

where

F2 =
1
κ2
‖∆ψ‖2 + µ‖∇ ×∇× Â‖2 + ‖∇(∇ · Â)−∇û−∇×G‖2

+
k0

2εc0
‖∇û‖2

ξ(t) = CR

[
1 + ‖ψ‖2H2 + ‖ψt‖2 + ‖Â‖2H2

]
.

A-priori estimates (2.9)-(2.11) and Gronwall’s uniform lemma (see [10])
guarantee that F2 is bounded. Thus, ‖z(t)‖Z2 < CR and existence of a con-
nected global attractor is shown. As a consequence, (see [5]), S(t) possesses
a bounded absorbing set B1 ⊂ Z1(Ω) of radius given in (3.8) and the proof
of the theorem is completed.

The global attractor uniformly attracts every bounded set of Z1(Ω).
However, it could attract the trajectories in an arbitrary long time and con-
sequentlty it can be sensitive to perturbations. In order to overcome this
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drawback one proves the existence of a regular set which attracts exponen-
tially fast bounded subsets of Z1(Ω). To this aim, we recall the following
definition.

Definition 3.4. A compact subset E ⊂ Z2(Ω) of finite fractal dimension
is an exponential attractor for the semigroup S(t) if

(i) E is positively invariant, i.e. S(t)E ⊂ E for all t ≥ 0;
(ii) there exist ω > 0 and a positive increasing function J such that

distZ1(S(t)B, E) ≤ J(R)e−ωt

for any bounded B ⊂ Z1(Ω) with R = sup{‖z‖Z1(Ω), z ∈ B}.

By means of some techniques devised in [8], it has been shown the following
result (see [1]).

Theorem 3.2. The semigroup S(t) possesses an exponential attractor E ⊂
Z2(Ω).

Since the global attractor is the minimal compact attracting set, we have
A ⊂ E . Thus, Theorem 3.2 gives as a byproduct the finite fractal dimension
of the global attractor.

4. Conclusions

Like many natural phenomena occurring in mathematical physics, the
behavior of a superfluid is described through a nonlinear dynamical system.
More specifically, according to the recent researches, the correct approach
to study its dynamic must be a geometric one. The evolution system is
hence treated as an ordinary differential system, whose solutions can be
seen as curves in a suitable infinite dimensional phase space.

Moreover, our model exhibits different types of dissipation: thermal dis-
sipation related to the constant k0, and dissipation due to the phase tran-
sition related to the coefficients γ and κ. As a consequence, during the
evolution, we observe some loss of energy, expressed by the non-increasing
character of the Lyapunov functional.
From a mathematical point of view, the dissipation is characterized by the
existence of an absorbing set, i.e. a bounded set of radius R (depending on
the physical parameters) in the phase space that, after a sufficiently large
time, absorbs all the trajectories starting from states in a ball B. Even if
this characterization of dissipativity is a more general characterization than
stability, the drawback of this method relies on the fact that we cannot ex-
plicitly calculate in terms of the structural quantities the entering time of
B into the absorbing set.
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In addition, we can stress that if a certain mathematical model is de-
scribed by a non-linear dynamical system, then it is usually difficult to
predict whether the system will evolve towards a stationary state or it ex-
hibits a chaotic behavior. Such a chaotic behavior can be explained by the
existence of the so called attractor. Usually the fractal dimension of this set
is finite; so, after a sufficiently long time, the dynamics can be controlled
by a finite number of parameters and this can be of some help for possible
numerical approximations. We are able to prove the existence of this at-
tractor for our model of superfluidity.
Hence the importance of the geometric approach is mainly based on the
study of asymptotic behavior of the analyzed dynamical system. Precisely,
the geometric properties are very useful for practical applications: they
allows us to understand, and even predict, the long-time behavior of the
solutions of such system.
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