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Introduction

Over the last twenty years, there has been an active development of domain decomposition (DD) techniques for the solution of large algebraic systems arising from the
numerical approximation of partial differential equations. Although the theory of DD
techniques for finite element (FE) methods (conforming, non conforming and mixed) is
by now well understood and developed (see, e.g., [8]), only few results can be found in
the literature for discontinuous Galerkin (DG) approximations (see [1, 2, 5, 6]).
Based on discontinuous FE spaces, DG methods have deserved a substantial attention
due to their flexibility in handling meshes with hanging nodes and their high degree of
locality.
In this talk we present and analyse in a unified framework a multiplicative Schwarz
preconditioner for the linear systems obtained from all the stable and consistent (in the
sense of [3]) discontinuous Galerkin approximations of second order elliptic problems
that have been proposed up to the date. We present the convergence analysis for the
iterative methods that result by accelerating the proposed multiplicative preconditioner
with a Krylov-type method. We cover the cases of symmetric DG approximations and
non-symmetric ones, i.e., the incomplete interior penalty (IIP) [4] and the non-symmetric
interior penalty (NIP) [7] methods. Extensive numerical experiments to verify the performance of the proposed preconditioner and to validate the theory are presented.
2

DG Approximation of Elliptic Problems
For the sake of simplicity we restrict ourselves to the model problem

(2.1)

− ∆u = f in Ω,

u = 0 on ∂Ω,

where Ω ⊂ Rd , d = 2, 3, is assumed to be a smooth convex domain and f ∈ L2 (Ω).
By introducing the auxiliary variable σ = ∇u, the second order problem (2.1) can be
rewritten in mixed form as the following first order system of equations
(2.2)

σ = ∇u in Ω, −div(σ) = f in Ω, u = 0 on ∂Ω.

Let Th be a shape regular and locally quasi-uniform partition of the domain Ω, with
possible hanging nodes. We denote by E I and E B the sets of all interior and boundary
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faces of Th , respectively, and set E := E I ∪ E B . For ℓh ≥ 1, we define the discontinuous
finite element spaces Vh := {v ∈ L2 (Ω) : v|T ∈ Mℓh (T ), ∀T ∈ Th }, Σh := [Vh ]d , Mℓh (T )
being a suitable space of polynomials depending on the type of the triangulation considered. By considering the standard definitions of the average and jump trace operators,
we consider the unified DG approximation based of the flux formulation of problem (2.1)
proposed in [3]: find (u, σ) ∈ Vh × Σh such that, ∀v ∈ Vh , A(u, v) = (f, v), with
(2.3) A(u, v) =

XZ

T ∈Th

∇u · ∇v +

T

Z

[[b
u(u) − u]] · {{∇v}} +

Z

{{b
u(u) − u}} [[∇v]]

EI

E

−

Z

{{b
σ (σ, u)}} · [[v]] −

Z

[[b
σ (σ, u)]] {{v}} ,

EI

E

b are the numerical fluxes that determine the DG method (see [3]).
where u
b, σ
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Multiplicative Schwarz Methods

We consider three level of nested refinements, a subdomain partition TNs made of Ns
non-overlapping subdomains, a coarse partition TH and a fine partition Th . Let E be the
set of all faces of the fine triangulation Th . For each subdomain Ωi of TNs we denote by
Ei the set of all faces of E belonging to Ωi . Three main ingredients are required for the
construction of the Schwarz methods:
(a) The local spaces: for each subdomain Ωi , i = 1, . . . , Ns , we define Vhi := { v ∈ Vh : v ≡
0 in Ω r Ωi } and Σih := [Vhi ]d .
(b) The local solvers: for each subdomain Ωi , i = 1, . . . , Ns , we consider the DG approximation of problem (2.1) but restricted to Ωi . Then, the local bilinear forms are defined
as
Z
Z
XZ
(3.1)Ai (ui, vi ) :=
∇ui · ∇vi +
[[b
ui (ui) − ui ]] · {{∇vi }} +
{{b
ui (ui) − ui }} [[∇vi ]]
T ∈Th

T

EiI

Ei

−

Z

Ei

{{b
σ i (σ i , ui)}} · [[vi ]] −

Z

[[b
σ i (σ i , ui )]] {{vi }} ,

EiI

b i are the local numerical fluxes. We will show how they are related to the
where u
bi , σ
global numerical fluxes. For that purpose we will introduce some appropriate prolongation operators RiT : Vhi −→ Vh and D Ti : Σih −→ Σh .
(c) The coarse solver : we define the coarse solver by restricting the global bilinear form
(2.3) to the coarse spaces VH = Vh0 := {vH ∈ L2 (Ω) : vH |T ∈ MℓH (T ), ∀T ∈ TH } and
ΣH = Σ0h := [Vh0 ]d , with 0 ≤ ℓH ≤ ℓh .
Following [1], we introduce the multiplicative Schwarz operator:
(3.2)

Pmu := I − (I − PNs )(I − PNs −1 ) · · · (I − P0 ),

where, for i = 0, . . . , Ns , Pi : Vh −→ Vh is the A-projection like operator defined by
A(Pi u, RiT vi ) = A(u, RiT vi ), ∀vi ∈ Vhi . The multiplicative Schwarz method consists in
replacing the discrete problem Au = f by the equation Pmu u = g, with an appropriate
right hand side g.
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We also present a symmetrized version of (3.2) defined as
sym
Pmu
:= I − (I − P0∗ ) · · · (I − PN∗ s −1 )(I − PN∗ s )(I − PNs )(I − PNs −1 ) · · · (I − P0 ),

where, for i = 0, . . . , Ns , Pi∗ is the adjoint operator of Pi with respect to the inner product
induced by the symmetric part of A(·, ·).
4

Convergence Analysis

We present the convergence analysis for the iterative methods resulting by considering
sym
the multiplicative preconditioners Pmu and Pmu
accelerated by the GMRES and CG
linear solvers, respectively. The analysis of the multiplicative Schwarz methods is presented by distinguishing between symmetric and non symmetric DG approximations. In
both cases, we show that the resulting preconditioners are scalable in the sense that the
number of subdomains does not affect the convergence behaviour. While for symmetric
DG approximations the convergence analysis follows the general abstract framework [8],
for non-symmetric DG approximations additional difficulties arise when developing the
convergence analysis. Furthermore, the theoretical results we obtain are less satisfactory
than those shown for symmetric methods, mainly since the proofs of convergence require
a technical assumption on the size of the penalty parameter which enters into the definition of the numerical fluxes. Nevertheless, the numerical experiments seem to indicate
that such restriction on the penalty parameter is not required in practice.
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