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A variety of algorithms for linearly and nonlinearly constrained optimization ([3], [4],
[5], [7], [8], [9]) requires, at each step, the solution of an indefinite linear system whose
matrix has the following form:


W At
(0.1)
A 0
where W is an n̄ × n̄ symmetric matrix, while the matrix A is m̄ × n̄. The matrix
(0.1) represents also the matrix of the Karush–Kuhn–Tucker system for the quadratic
programming problem
1 t
min
x W x − at x
2
Ax = b.
It is well known that a sufficient condition for the nonsingularity of (0.1) is that A is full
row rank and W is positive definite on the null space of A, which means pt W p > 0 for
any p ∈ Rn (p 6= 0) such that Ap = 0. If the matrix (0.1) is derived from a nonlinear
programming problem, it could have that W and A assume the following form


Q
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(0.2)
W =
and A = (B 0)
C −F −1
where Q ∈ Rn×n is the Hessian of the Lagrangian function with respect to the primal
variables (or an approximation to it), C ∈ Rm×n and B ∈ Rneq×n are the Jacobian matrices of the inequality and equality constraints respectively, and F ∈ Rm×m is a diagonal
matrix, with positive diagonal entries, derived from the complementarity conditions. In
particular
(0.3)

F = S −1 Λ
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where S and Λ are diagonal matrices with, respectively, the slack variables and the
multipliers related to the inequality constraints of the programming problem as diagonal
entries.
By applying elimination techniques, the system (0.1)-(0.2) can be reduced to a condensed
form, where the coefficients matrix is as follows


Q̄ B t
(0.4)
B 0
with Q̄ = Q + C t F C.
Following the approach in [4], [8], [9], instead of (0.2) we could also have to solve a system
whose coefficient matrix is (0.1) with




Q 0
B 0
(0.5)
W =
and A =
0 F
C Im
where Im is the m × m identity matrix.
Another variant of the same system arises when the equality constraints are treated as
range constraints with lower and upper bounds that coincide: in this case the matrix
(0.1) could assume the form (0.2) or (0.5) with neq = 0.
The first approach for the solution of a system whose matrix is (0.1), which is symmetric
but indefinite, consists in the direct factorization. In literature many efforts have been
made to propose strategies that allow a Cholesky like factorization LDLt of (0.1) and
many authors (see [7], [9]) proposed regularization techniques which perform a perturbation of the diagonal entries by adding small quantities such that D has n or n + m
positive diagonal elements (in the case (0.2) or (0.5) respectively) and m + neq negative
diagonal elements .
The other approach is to solve the system by means of the preconditioned conjugate
gradient method, as suggested in [3], [5], [6].
Our goal is to compare the effectiveness of the different approaches, in the optimization
context, for the solution of the inner linear systems arising at each step of an interior
point method: in particular, for the conjugate gradient method, we choose a preconditioner with the same structure of (0.2), (0.4) or (0.5) obtained by approximating the
matrix Q (or Q̄ in the case (0.4)) with a diagonal n × n matrix with positive elements
derived from the diagonal of Q (or of Q̄).
This preconditioner admits a Cholesky like factorization and, in order to obtain a sparsity
preserving factorization, it is more convenient to factorize a symmetric permutation of it
by means of a suitable routine that provides also a dynamic regularization [2]. We consider also the approach followed in [6], where the matrix of the system has the following
form:
 ¯

Q̄
Cat
(0.6)
W =
and A = (B 0)
Ca −Fa−1
¯ = Q + C F C and C and C indicate the jacobian matrices of the active
where Q̄
I I I
a
I
and inactive inequality constraints respectively. Furthermore Fa and FI have the same
meaning that in (0.3), but the slacks and the multipliers are only the ones related to the
active and inactive constraints respectively.
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Our numerical tests have been made on systems derived from a collection of nonlinear
programming problems with both equality and inequality constraints.
From the numerical results we can drawn the following remarks: if we have inequality
constraints, the solution of the system in condensed form is not efficient, since the approximation of Q̄ by a diagonal matrix in the preconditioner is too inaccurate; the more
valid approaches seems to be (0.2) and (0.5) while the method (0.6) provides that the
structure of the matrix changes every time that the set of the active constraints changes.
Furthermore, since at the first steps of the interior point algorithm almost all the constraints are inactive, the strategy (0.6) has an initial behaviour similar to (0.4) and this
may cause the failure of the algorithm.
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