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LAPLACE TYPE PROBLEMS FOR A LATTICE WITH CELL
COMPOSED BY TWO TRIANGLES AND ONE HEXAGON

MARIUS STOKA™

ABSTRACT. We solve a Laplace type problem for a lattice of the Euclidean plane with cell
composed by two triangles and one hexagon. We compute the probability that a segment of
random position and constant length intersects a side of the lattice.

1. Introduction

In some previous papers (Caristi, Puglisi, and Stoka 2011; Caristi and Stoka 2011; Barilla
et al. 2014; Caristi, Pettineo, and Stoka 2016) the authors study some Laplace problems with
different fundamental cells. The aim of this paper is to consider a lattice R(a,b), a > b > 0,
of the euclidean plane with fundamental cell composed by two triangles and one hexagon.

In Section 1 we compute the probability that a segment of random position and constant
length [ intersects a side of the lattice. In Section 2, we find the values of a, b, [, being a > b
the lengths of the sides of the cell.

2. Main result

Let R (a,b), the lattice with fundamental cell Cy rapresented in figure 1 witha > b > 0:
With the notations of this figure we have

|EH|=|FG|=V2(a—b), (D

(a—b)?
5

areaCy, = areaCpy = areaCy3 =b(2a—0D). 2)
We want to compute the probability that a segment s with random position and of constant
length [ intersects a side of lattice R, i.e. the probability P, that a segment s intersects a
side of the fundamental cell Cy.
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Theorem 1. Let P, be the probability that a random segment s of lenght [ intersects a side
of the lattice R(a,b). Then we have:

Bn,—;{l{(%ﬁ—l)a—Z(\ﬁ—l)b} —é [3+(2f2—3) Z]}

Proof. The position of the segment s is determinated by its middle point and by the angle ¢
that s formed with the line AD o BC.

To compute the probability P,,, we consider the limiting positions of the segment s, for a
specified value of @, in the cells Cy;, (i = 1,2,3). Thus we obtain Fig. 2 and the relations:
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areaéol ()= area@oz () = areaCy; — Z areaa; (

areaCs (¢) = areaCys — Z areab; ().
i=1
By Fig. 2 we have:
l2
areaa) (@) = ZSiHZ(P,

_ 2
areaay () = Mcos(p - ZZ (cos20+1),

A5

areaas (@) = (cos2¢ —sin2¢ + 1) 12
areaay (@) = @ (cos @ —sin@) — %lz (cos2¢ —sin2¢ +1),

_ 2
areaas (@) = (a 2b)l sing — lz sin2¢.

Hence:

areaa, (a—b lcos(p—@ ﬁcos2(p+sin2(p_ﬁ 2
4

In order to compute areaCo3 (@), we consider

2
areab; (@) = lz (cos2¢ +sin2¢ —1).

areab; (@) = ﬁ(a—b—lsin(p)ésin (%—(p) =

B 2
=D (cosp—sing) — & (cos2¢ —sin2g 1),

areabs (@) = %cos o,

and, as b3 = by, we have:

bl
areab7 (@) = — COS 9.

Then, as bs = by, we have:

2
areabs (@) = lz (cos2¢ +sin2¢ —1).

bl 12
areabs (¢) = Esin(pf y (cos2¢ +sin2¢ —1),

2
areabg (@) = %sin(p - lz (cos2¢@ +sin2¢ — 1),
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(a—b)l . I .
areabg (@) = 5 (cos@ —sing) — ) (cos2¢@ +sin2¢ —1).

Hence we have:
8 2
l
A3 (@) =Y areab;(p) =1I[acos ¢+ (2b—a)sing] — 3 (cos2¢@+sin2¢ —1).  (6)
i=1
Replacing in (3) and (4) the relations (5) and (6), respectively, we have:
areaCy, ()= areaCyy () = areaCy; — A1 (9) (7

and N
areaCy3 (@) = areaCyz — A3 (@) . 8)

Moreover, the relations (3) and (6), with A} = A», give us:

23:14,' (p)=1[(3a—2b)cos @+ (2b—a)sing] —
i=1

g[(3—\/§>c032(p+ﬁsin2(p+ﬁ—3 . ©

Denoting by M; (i = 1,2,3) the set of segments s which have their center in Cp; and by N;
the set of segments s all contained in the cell Cy; , we have (Stoka 1975-76):
Z?:] u(N;)

Ly (M)

where U is the Lesbegue measure in the Euclidean plane. To compute the above measure p
(M;) and u (N;), we use the Poincaré kinematic measure (Poincaré 1912):

dk=dxNdyNdo,

where x, y are the coordinate of middle point of s and ¢ the fixed angle. We have:

I
M; :/ d // dxdy =
(M) 0 ¢ {(x.y)eCoi}

T
/4 (areaCy;)dp = ZareaCoi,
0

Py =1— (10)

(i=1,2,3).
Then

3 3
T . N
;ﬂ (M;) = Zi;areacm = ZareaCo _ Zaz' o

In the same way, we can write

%
,U(Ni):/ d(p//  dxdy=
0 {xy)eCui(9)}

n T

[areaCoi (9)] do = /O Y lareaCoi — A; ()] dp — gareaCo,'f /0 14 (9)] do.
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Then
3 T % 3

w =@~ [* L aie)
—1 0 |i=1

1

Formula (9) gives us

/Off LgAi(‘P)

Consequently,

T [ (N PR OER 1 e (W R Rt

d(pzz[(zx/i—l)a—z(\fz—l)b} —g [3+(2ﬁ—3) g}

Replacing the relations (11) and (12) in (10), we obtain:
Pu= s {122 )am2(va-1)o] - L [+ (v2-9) 2]} )
d

3. Limiting positions

Supposing a variable with a > b, we want to show that there are the values for a, b, [ for
which the probability P, is maximum. The result is given by:

Corollary 1. Let a,b,! such that the following relation is satisfied:

(2v2-1)a-4(v2- 1)19—% 3+ (2v2-3) 7] =0,
then for these values, the probability Py, is maximum.

Proof. We indicate:

(e )a-2(vz-1)p] 4fs+ (2v2-3)]

fla)= a2 >
the probability P, given by (13) is written
4
Pint = Ef(a)
We have
o =(2v2-1)a+a (Va-1) b+ b [3+ (2v2-3) ]
f (a) = 3 :

a
Then, if the following relation is satisfied

l
(2&— 1)a—4(ﬁ— 1)b— = [3+ (2\/5—3) g} —0,
we have f’ (a) = 0 and the probability P, is maximum. O
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