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The statistical mechanics of quantum-classical systems with holonomic constraints is formulated
rigorously by unifying the classical Dirac bracket and the quantum-classical bracket in matrix form.
The resulting Dirac quantum-classical theory, which conserves the holonomic constraints exactly,
is then used to formulate time evolution and statistical mechanics. The correct momentum-jump
approximation for constrained system arises naturally from this formalism. Finally, in analogy
with what was found in the classical case, it is shown that the rigorous linear response function of
constrained quantum-classical systems contains non-trivial additional terms which are absent in the

response of unconstrained systems.

I. INTRODUCTION

Quantum-classical formalisms [1] are computationally
useful approximations of full quantum mechanics. In the
past few years, a mathematical formalism, which permits
to derive surface-hopping schemes from full quantum me-
chanics by means of a number of controlled approxima-
tions, has been proposed [2]. Most notably a consistent
statistical theory of quantum-classical systems has been
first introduced [3] and then used in order to formulate
the theory of nonadiabatic rate constants [4]. Numer-
ical calculations of quantum-classical rate constants in
nonadiabatic chemical reactions have been performed for
some model systems which are relevant for condensed
phase [4, 5]. Despite some numerical problems with long-
time integration of surface-hopping trajectories, this ap-
proach holds promise for the study of more realistic sys-
tems with few quantum degrees of freedom but many
classical particles. As a matter of fact, just recently,
Hanna and Kapral [6] reported the results of a quantum-
classical calculation of the nonadiabatic rate constant for
the proton transfer process occurring in a two-atom com-
plex immersed in a classical bath of diatomic molecules,
which were represented by means of cartesian coordinates
and holonomic constraints. This example shows how,
within the quantum-classical formalism of Ref. [2], one
can easily model classical baths which are, in principle,
as complex as the state of art atomistic representation
of a protein by means of holonomic constraints and force
fields (for an example see Refs. [7]). However, in order
to do so rigorously, one must generalize the quantum-
classical formalism of Ref. [2] so that it can describe
classical baths with holonomic constraints. This issue
was not addressed in Ref. [6]. Thus, the motivation of
the present paper is to formulate a consistent statistical
mechanics of quantum-classical systems when holonomic
constraints are employed to model the classical bath.
Linear response theory for quantum-classical constrained
systems is also given because it is particularly relevant for
the calculation of nonadiabatic rate constants.
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A rigorous formulation of linear response theory for
fully classical systems with holonomic constraints has
been introduced only recently [8] by means of a re-
interpretation of the formalism originally developed by
Dirac [9]. This formalism [8], based on a generaliza-
tion [10, 11] of the symplectic structure of classical brack-
ets in phase space [12-14], showed that unusual terms
may appear in the response function of a classical system
with holonomic constraints. In light of this result, the ex-
tension of the theory of Refs. [8] to the quantum-classical
case is a subtle issue. The identification of the symplectic
structure of quantum commutators [15] and the general-
ization of this structure to introduce a non-Hamiltonian
quantum bracket [15], of which the quantum-classical
bracket of Refs. [1, 2] is a particular realization, has
also been proposed just recently and used to introduce
quantum-classical Nosé-Hover dynamics [15].

In the present work, the non-Hamiltonian commutator
of Ref. [15] and the classical Dirac bracket of Refs. [8] are
combined in order to formulate the statistical theory of
quantum-classical systems with holonomic constraints. A
Dirac quantum-classical bracket, which exactly conserves
constraints, is easily introduced and used consistently
to define the dynamics and the statistical mechanics of
quantum-classical systems with holonomic constraints.
In particular, it will be shown how the momentum-jump
approximation must be modified in order to consider cor-
rectly the back-reaction of the quantum degrees of free-
dom on the constrained classical momenta. The station-
ary constrained quantum-classical density matrix will be
derived and linear response theory formulated. As al-
ready observed in the classical case [8], non-trivial terms,
associated to the action of the perturbation on the phase
space measure of the unperturbed constrained system
and the phase space compressibility introduced by the
perturbation itself, must be considered in general. It re-
sults from the derivation that these additional terms are
zero if quantum-classical variables, to which the pertur-
bation is coupled, depend only from particle positions. In
this case, the rate formulas derived in Refs [4-6] can be
applied to a constrained systems with the only additional
requirement of using the correct constrained stationary
density matrix. However, different perturbations could
require to evaluate all the terms in the response function



of quantum-classical constrained systems and one must
be aware of their existence.

If the work presented in this paper is considered to-
gether with that of Ref. [15], where non-Hamiltonian
quantum commutators where introduced and used to in-
troduce quantum-classical Nosé dynamics, it is readily
realized that a unified formalism for defining generalized
dynamics and statistical mechanics in quantum-classical
systems is now available. There are reasonable expec-
tations that this formalism could be used in the future
in order to attack the problem of long-time numerical
integration of quantum-classical dynamics.

This paper is organized as follows. In Sec II Dirac
formalism, as given in Ref. [8], is shortly summarized.
In Sec. III, the results of Ref. [15] are quickly pre-
sented by showing the generalized symplectic structure
of quantum-classical brackets, which are a particular
realization of non-Hamiltonian quantum commutators.
In Sec. IV the matrix structure of quantum-classical
bracket, is used to combine it with Dirac bracket. In
such a way the Dirac quantum-classical formalism is in-
troduced and equations of motion which preserves the
constraints exactly are given. In Sec. V such equations of
motion are represented in the adiabatic basis and the cor-
rect momentum-jump approximation for a constrained
system is derived easily. In Sec. VI the quantum-classical
stationary density matrix for a system with holonomic
constraints is derived from the Dirac quantum-classical
bracket. In Sec. VII rigorous linear response for con-
strained systems is introduced. Finally, conclusions are
given in Sec. VIIL.

II. DIRAC BRACKET FOR CLASSICAL
SYSTEMS WITH HOLONOMIC CONSTRAINTS

Consider the phase space point X = (R, P), where R
and P are coordinates and momenta, respectively, of the
system under consideration. Let
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be the symplectic matrix, then it is well known [12, 13]
that Poisson brackets can be written as

2N
Oa . Ob
{a,b} = iBijain ) (2)

3,7=1

where a(X) and b(X) are two arbitrary phase space func-
tions and 2N is the dimension of phase space. The struc-
ture of Eq. (2) has been exploited to introduce Hamilto-
nian non-canonical flows [14], non-Hamiltonian [10, 11]
and constrained flows [8]. Here it is summarized how to
generalize the structure of Eq. (2) in order to define equa-
tions of motion for systems with holonomic constraints.

Consider a system with Hamiltonian Hy and a set of
phase space constraints

(a(X)=0 a=1,...,2l. (3)

Following Dirac [9], one can introduce the matrix

0. O
Cop = ltarfo} = . 5B @)

i,j=1

and its inverse (C_l)aﬁ, where o, = 1,...,2l. Note

that, when considering Poisson brackets of the con-
straints, the convention of first evaluting the brackets
and then imposing the constraints must be followed [9].
By defining an antisymmetric matrix B

S aga 71 afﬂ S
Z Z Bl’f(C)X )aﬁ X, Bm]’
km=1a,0=1
(5)

B2(X) =

the Dirac bracket can be introduced as

2N
da ob

{a,b}p = Bl (6)
L= 0K, OX;

Equation (6) was originally given by Dirac in the equiv-
alent form [9]

{a,b}p = {a,b} = > {a,&}(C

a,f=1

_1)a[3 {Xﬁvb} . (7)

Constrained phase space flows are then defined by
d = {G,HO}D ) (8)

so that the Hamiltonian and any function of the con-
straints is conserved because, considering an arbitrary
function f(£,) of the constraints, it is easy to verify that
{f(&),Ho}p = 0. The above formalism due to Dirac
has been specialized to non-relativistic systems with holo-
nomic constraints [8].

In order to see how this can be achieved, consider a
system with a number [ of holonomic constraints in con-
figuration space o,({R}) = 0, @ = 1,...,I. Consider
also the following additional constraints oo ({R, R}) =
Zil(aaa/aR) -P;/M =0, a=1,..1, where M are
the particle masses. The whole set of constraints can be
denoted as

(517 "'7£lvgl+17 "'a§2l) = (O'la sy

Defining the matrices

01,01,-,01) - (9)
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Then one finds

and

o1 [z—lrz—l —z—l} . (13)
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The time evolution of the phase space point under the
constrained dynamics is then given by the Dirac bracket.
The explicit equations of motion are

) P

R = {R,Ho}p = T (14)

. ! do

P = {P,HO}D:FfZAaa—];“, (15)
a=1

where F' are the forces acting on the particles. The A\,
are the exact Lagrange multipliers

l
Mo = Y Z 3{6s, Ho},
B=1

l
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III. GENERALIZED QUANTUM MECHANICS
AND QUANTUM-CLASSICAL BRACKETS

Consider now the realm of quantum mechanics and
an arbitrary set of quantum variables x4, A = 1,...,n.
The commutator [Xa,Xn]- = XaXny — XnXa (AN =
1,...,n) was written in symplectic form [15] using the
matrix defined in Eq. (1):

Rain]=[%a an B | X4 [ an
XN
Considering the Hamiltonian operator of the system flo,
the laws of motion in the Heisenberg picture are written
as
BKa_ g i,]-B 1| _ify (18)
dt 7 0 XA - A,

where the Liouville operator

m:;[m.“yaw[%] (19)

has also been introduced.

As it was showed in Ref. [15], the laws of quantum me-
chanics can be generalized by defining the antisymmetric
matrix operator

’D:[OAS}, (20)
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with é arbitrary operator or c-number, and defining non-
Hamiltonian quantum brackets (commutators) as

[Xa,Xn]- = [ Xa XN]D|:>>§;1[] . (21

Generalized equations of motion are then defined by

dxa i o
dt_h[HO

XA}-D-[{LIO] —ila (22)
XA

Quantum-classical systems are defined in terms of
quantum variables x 4 in a Hilbert space which depends
from the classical phase space point X, i.e. x4(X). Time
evolution in the Hilbert space and in classical phase space
are coupled consistently. The energy Ey of such systems
is defined in terms of a quantum-classical Hamiltonian
operator Hy = Hy(X) so that Ey = Tt [ dX Ho(X).
The dynamical evolution of a quantum-classical operator
Xx(X) is given by the quantum-classical bracket which is
defined in terms of the commutator and the symmetrized
sum of Poisson bracket [1, 2]. Following Refs. [10, 11],
in Ref. [15] the quantum-classical bracket was easily
casted in matrix form as a non-Hamiltonian commuta-
tor. To this end, one can consider the operator A de-
fined in such a way that applying its negative on any
pair of quantum-classical operators y4(X) and {n(X)
their Poisson bracket is obtained

2N

~ ~ N o ov ) o

{Ra X} = —Xa(XOAxn(X) = ) a;(? ijﬁ.
i,j=1 v J

(23)

If one defines

=14+ — 24
¢ + (24)
in Eq. (20) then a new matrix operator is introduced as

DY = (B (25)

and the quantum-classical law of motion can be written
as

i

‘ Ho
5 .

XA

OXa=+[Ho Xa ] D*- [ } = (Ho,%a) = iLXa,

(26)
where the last equality introduces the quantum-classical
Liouville operator in terms of the quantum-classical

bracket.

IV. QUANTUM-CLASSICAL DYNAMICS WITH
HOLONOMIC CONSTRAINTS

_ Consider a quantum-classical system with Hamiltonian
Hy(X) and a set of holonomic constraints, as specified by
Eq. (9), acting on the classical bath variables X. Then
introduce an operator AP such that it can be used to



give the negative of the Dirac bracket of two arbitrary
quantum-classical variables

2N %4 0Ok
0Xi Y 9X;

(27)
where B” has been defined in Eq. (5). Using AP, one
can define

{4, X8} = —Xa(X)AP N (X) = -

i,j=

D _ -
=1+ (28)

and the constrained matrix operator
DY =(PB°. (29)

Using ¢ and DP, defined in Eq. (28) and (29) respec-
tively, equations of motion for quantum-classical systems
with holonomic constraints are defined by

OiXa = % [ Hy xa ] D" [ Ho } = (Ho,xa)p =L X4 .
XA

(30)

In Equation (30), the Dirac quantum-classical bracket

{...,...}p and the Dirac Liouville operator iL” have

been introduced. Equation (30) is one of the main re-
sults of this work. It introduces the correct algebraic
quantum-classical evolution for systems with holonomic
constraints. In the following, all the other results of this
paper will be derived from this equation.

One can derive the fist consequence of Eq. (30) by con-
sidering the time evolution on an arbitrary function f(¢,)
of the holonomic constraints. This is of course given by
the Dirac quantum-classical bracket (Ho, f(&,))p which
can be written explicitly as
i

[Ho f(&,)]

h
0 1+ A2 { H, ]
-1 - hA.D 0 f(f’y)

= = [Ho, £(&)] - 5 (1o 161D

(Ao, £(&)) =

1
h 2
~{£(&), Ho}p) - (31)

Equation (31) shows explicitly that the Dirac quantum-
classical bracket is defined in terms of the symplectic
commutator (in the secon equality, the first term on the
right hand side) of two variables minus one half of the an-
tisymmetric combination of classical Dirac brackets. The
symplectic commutator of the quantum-classical Hamil-
tonian Hy with the arbitrary function f(¢,) is identically
zero because, by hypothesis, the phase space constraints
&, v=1,...,2l, do not involve quantum degrees of free-
dom. Then, in order to see what is the effect of the
quantum-classical Dirac bracket on the arbitrary func-
tion of the constraints f(&,), there remains to be consid-
ered the action of the classical Dirac bracket {...,...}p.

For example, take

{Ho, f(&)}p = {Ho, (&)}

— {Ho,65}(C) ga{as F(6)}

= {H()af(g’y)}

21
IR AT R
a,B,p=1 s
21
= {I:IOv f(f'y)} - Z{I:Ingu}aggj) =0
(32)

In the same manner, one finds that {f(f,y),ﬁo}p =0
so that, as desired, the Dirac quantum-classical bracket
leaves invariant any function of the holonomic con-
straints.

V. REPRESENTATION OF THE
QUANTUM-CLASSICAL DIRAC BRACKET IN
THE ADIABATIC BASIS

Equation (30) is an algebraic equation. In order to
actually perform numerical calculations one needs to
introduce a basis. The adiabatic basis is particularly
suited to represent quantum-classical equations of mo-
tion [2], discuss quantum-classical statistical mechan-
ics [3], obtain surface-hopping algorithms [4-6], and gen-
eralize quantum-classical dynamics in order to have con-
stant temperature dynamics on the classical bath degrees
of freedom [15]. To define this basis, consider the follow-
ing specific form of the quantum-classical Hamiltonian

2

P .
H = —+K+®
0 oM + K + ®(R)

Pz
= — +h(R), 33
= Hh(R) (33)
where K is the kinetic energy operator of the quantum
degrees of freedom and ®(R) is the potential energy oper-
ator coupling quantum and classical variables. It is well
known that adiabatic states are defined by the eigenvalue
equation

h(R)|a; R) = Eo(R)|: R) . (34)

Before finding the representation in the adiabatic basis,
Eq. (30) can be rewritten in a more explicit form

(Ho,X)p = %[ﬁoafé] - % ({ﬁoafé} - {f(affo})
2
b St e aten
&,B=1

- Z {Xag,u}(cl)#l/{€V7H0}> ) (35)



where indices with an overbar have been introduced to
indicate constraints. The first two terms on the right
hand side of Eq. (35) give the standard quantum-classical
bracket as given if Ref. [2]. The other two terms in
the right hand side of Eq. (35) pertain to the quantum-
classical Dirac bracket and were not analyzed in previous
works. In order to evaluate these terms, one has to re-
mind the definition of C™1 in Eq. (13) and the fact that

o _ (00 P oo
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Then consider

DEE {Ho,éa}(

(36)
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—{Ho, 05 }(Z™ ") a5{05, X}

+{ﬁ07d@}(Z_1)a5{05,>€} . (38)

105, X}

Recalling that {Hy, 05} =
Za B=1 {Ho’ga}( )&5{557)%}

l
= > {Hp.6a}(Z ),
a,B8=1

—65 = 0, Eq. (38) becomes

Analogously, the last term in the right hand side of
Eq. (35) is
Saoet X6 HC D {és, Ho)

l
=— 72 {)27O'I1}(Z_1)ﬂ17{0.-17aﬁ0} . (40)

Using Eqgs. (38) and (40), the Dirac quantum-classical
bracket can be rewritten as

(Fo )p = 10,4~ 5 ({0, 1) — 11 Ho))
l
+ 5 3 (10 0aHZ gelon )
+ o @ el o) - (D)

The last two terms in the right hand side of Eq. (41
be written more explicitly as

) can

l
72 ({10, 62 )l o0, X}

DN | =

27100, Ho})
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With the above equations, the quantum-classical Dirac
bracket can be written finally as

X 1/ . .
(Ho,X)D ﬁ[Hoy X - 3 ({Ho,x} - {XaHO})
U [(romon, p o
222 2. |\Mor 9r ~ M " MoROR
_ doy Oy  0Ox 0oy, _
Z ! v Z ! av
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PP P 100
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(43)

Equation (43) is in a form suited to be represented in the
adiabatic basis. In such a basis one can write

<a; R|(I:IOa )A()D|a/; R> = Z i‘cgo/ﬁﬂ’xﬁﬁ

BB’
= Z (iﬁaa/ﬁﬁ/ + lﬁgy/ﬁﬁ/) XBB/ s
BB’
(44)
where
Y iLaarspx™ = (o; R [ [Ho, %]
B’
1 /
— 5 ({0, X} = (% Ho}) | /s )
(45)
The Liouville operator L4’ 33 was given in Ref. [2]
iﬁaa’.ﬂ,@’ = iwaa’éaﬂéa’ﬁ’ +iLaa’5aﬁ6a’ﬁ’ - Jaa’,ﬁ,@’ s
(46)

_I(Ea(R) — Eo (R)),
P 0 1 0
= ozt (P4 F) o
or T2 () g6
is a classical-like Liouville operator which makes
quantum-classical variables evolve on a constant en-

ergy surface V\/rith Helmann-Feynman forces given by
(1/2)(F* + F*), and

where waor = h

tLaos

P h 0
Tt = = Outir s {M * zw“ﬁaP}

. [P & )
— 5aﬁda’ﬁ/ |:M + wa B 8P:| (48)



is an off-diagonal operator, realizing nonadiabatic tran-
sitions, which is defined in terms of the nondiabatic cou-
pling vector dog = (a|0/OR|B). The operator iLg) 55
which imposes the constraints in the quantum-classical
dynamics is

Zﬁﬂ’

L X

1 . 1 dHydo, P P %0,
- 2§<O"R| (M orR oR M © M OROR

_ dop OX
1\ _ VYA,
X(Z™ ) w R 6Ra’R>
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P P 9, 100, 0Hy\ ,
<M®M OROR ~ M OR aR>|O"R>‘
(49)
By defining F*? = —(a; R|0Hy/OR|5; R) and F* =

—0E,(R)OR, using F*¥ = F%5,5 + hwagdag, adding
and subtracting the term

1 /
§(FCK +FC¥ )

and doing some algebra one finally obtains

l doy O
Z’Cgcoo?,ﬁﬂ’ = 7;)\306 8R a?éaﬁéa/ﬁl
l
Z (hwapdapdar s
" oy, oz 0O
+ Mg das) - 5 (B Vi g 55
(51)

where the A2%, which are the quantum-classical La-
grange multipliers on the energy surface (1/2)(Eo+ Eo ),
are defined as

ao’ P P 820',“
N =D (M M OROR

fi,r=1

1 /0oy
——(F* 4+ F*) L ) (Z7 Y0 52
g PG ) @ e 6
The first term on the right hand side of Eq. (51) defines
a diagonal operator
con __ aa' 80'1,
ot Z OR OP’ (53)

whose action is to enforce the constraints while time evo-
lution takes place adiabatically on the energy surface

(1/2)(Ey + E,). The other two terms in the right hand
side of Eq. (51) defines an off-diagonal operator

l
ool B8 = WZ (hwapdapdar s
do dog 0
h fe'd ’d*/ ’604 7” -1 —1776-7
¥ harydugdon) G5 (& i gn - 5p
(54)

which couples the constrained dynamics to quantum
transitions between the adiabatic states. Its effect is, on
the one hand, to modify the probability that quantum
transitions take place and, on the other one, to realize
the back-reaction of the quantum transitions on the con-
strained momenta. It is convenient to finally cast the
quantum-classical Dirac-Liouville operator of Eq. (44) in
the following form

il"’(?o/,ﬁﬁ/ == (Zwoz()/' +7/Lga/) §aﬁ5a’ﬂ’ - J(?a’,ﬁﬁ/ 5

(55)
where
iLE., = iLaa + L%
P o 1 N O
~ PO (e ) 2
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1
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_ oo Y 56
2N SR P (56)
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aa’,BB8 aa’ B3 aal B3
P h wlsdas O
S (N T I A A P S
(3 ﬁ”*z(;z-daﬁ) op| ™
P h wo?/ﬁ/dz(/ﬁ/ a
— - d¥ g 1+ —-—7"F—F— - — bus,
<M aﬁ) +2(£.d* ) o ?
M O/ﬁ/
(57)

where the constrained frequency is

1
Wi = Waﬂ<1+ Z

f,0=

1 8Jﬂ

80'17
M aR “”mz) - (58)

The time evolution of any dynamical variable is given
obviously by

!’ . D
= D Lo g™

BB’

(59)
A. MOMENTUM-JUMP APPROXIMATION
FOR CONSTRAINED SYSTEMS

When performing numerical calculations on systems
with many degrees of freedom [4, 5, 16, 17] the action of



the operator in Eq. (48) is usually evaluated within the
momentum-jump approximation [18]. This approxima-
tion can be derived easily for the operator in Eq. (57)
defined in terms of the constrained frequency wgﬁ in
Eq. (58). In analogy with what shown in Ref. [18], in
order to derive the momentum-jump approximation for
constrained system, one can first consider one of the two
terms in the right hand side of Eq. (57)

h 0
) -

P 0
§“ﬁ%daﬂ <A4

ﬁwgﬁMiA B
O(P - dop)?

(60)

where czag denotes the unit vector along the direction of
das. Then perform the approximation

1+hw£ﬁM# A exp hwfﬂMLA ,
O(P - dup)? O(P - dap)?

(61)

and write the operator JaDa,ﬁﬁ, as the operator Jfa’{%,_g‘,]

evaluated in the momentum-jump approximation

from that given in Eq. (64) is obtained. Instead, Equa-
tion (64), with the momentum-jump operator for the con-
strained system in Eq. (62), was derived correctly from
the fundamental Dirac quantum-classical formalism and
it provides the correct formula for constrained systems.

VI. STATIONARY DIRAC DENSITY MATRIX

Write the quantum-classical Dirac density matrix of a
constrained system as pp(X). The average of any oper-
ator y can be calculated from

(x) =To' / dX ppx(t) =Tr / dX ppexp (iLPt) ¥ .
(65)

The action of exp (Z[D t) can be transferred from x to

pp by using the cyclic invariance of the trace and inte-

grating by parts the term coming from the classical Dirac

brackets. One can write

1 [ 1/, - N

=7 [HO} -5 ({HO,...}D —{...,HO}D).
(66)

In this equation the classical Dirac bracket terms are

written

iLP

P 0
JPM=T —(-d )eX [thD Sur gt 2N A
ao’ B3 M af p aﬁa Pd 2 o' ~ A . OHy D@
( ;a) {Ho,..}p—{...,Ho}p = Ej :1 T&Bija—xj
P ©I=
— (= -diy ) exp |RMwE ;) ————— | 60p . .
(M aﬁ) p[ Ba(p,dzlﬁ/)zl 8 B 8...BQ3H0 > (67)

The action of any of the operators on the right hand
side of Eq. (62) on an arbitrary function of momenta is a
translation (or jump) of the momenta itself. For example,

f(P) = f(P+AP),

D
exXp [hwaﬂMW

(63)

with

AP = sign(P - dag)\/(P - dap)? + hMwDy — (P - dog) -
(64)

Equation (64) illustrates the effect of the momentum-
jump operator on a function of constrained momenta. It
differs from that given in Ref. [18] and used, for example,
in Refs. [4, 5, 16] because of the constrained frequency
w?y defined in Eq. (58). This result, which should have
been used in the nonadiabatic calculations of Ref. [6],
is reasonable because constrained momenta cannot be
scaled as unconstrained momenta. As a matter of fact, if
one follows the empirical procedure of applying the un-
constrained momentum-jump of Ref. [18], as it was done
in Ref. [6], and uses the RATTLE procedure [19] to im-
pose the constraints on momenta then a result different

When integrating by parts the right hand side, one ob-
tains terms proportional to the compressibility

2N D 2
RD = 0B, 0ty (68)
0 0X; 0X;

ij=1
Using Egs. (5) and (13), in analogy with Ref. [8], one
finds easily that
Ky = —iln detZ (69)
0 dt '

Because of the compressibility in Eq. (69), it turns out
that the Dirac quantum-classical Liouville operator is not
hermitian

A\ T «
(iED) = —ifP — KD (70)
The average value can then be written as
(X) = Tr’/dX Xexp [—(LP + ki)t pp . (1)

The quantum-classical Dirac density matrix evolves un-

der the equation

Cop = —5 [Fo.p0] + 5 (o p0}o — {40, Hobo)

at/)D =77 0;,PD B 0;PDJD PD;HoyD
— kYpp . (72)



The stationary density matrix pp. is defined by

iLP ppe + kY ppe = 0. (73)
To find the explicit expression of pp. one can follow
Ref. [3], expand the density matrix in powers of i

ppe =Y "% (74)
n=0
and look for an explicit solution in the adiabatic basis.

In such a basis the Dirac-Liouville operator is expressed
by Eq. (55) and the Hamiltonian is given by

H§ = o+ Ea(R). (75)

Thus, one obtains an infinite set of equations correspond-
ing to the various powers of &

iBaarpD = 0, (76)
. n+1)aa’ n)aa’ n)aa’
iBaarpipe 1 = —iL¥, IPS:JQ — o 5o,

BB

As shown in Ref. [3], in order to ensure that a solution can

be found by recursion, one must discuss the solution of

q. (77) when calculating the diagonal elements p(n)aa

(n)aa

in terms of the off-diagonal ones pj, To this end,
using pg?aa = (p/[()?a VT se = Jokgs and the

fact that Jaaﬁﬁ = 0 when a real basis is chosen, it is
useful to re-write Eq. (77) in the form

(GLE, + kB )5 = 37 2R (I8, 5o} ) - (79)
B>p'

One has [8] (—iL2, — k)T =iLP . The right hand side
of this equation can expressed by means of the classical
Dirac bracket in Eq. (6). It follows that H§ and any
general function f(H§) are constants of motion under
the action of iLL . Because of the presence of a non-zero
phase space compressibility, integrals over phase space
must be taken using the invariant measure [8, 20]

dM = exp(—wp)dRdP , (79)

where wp = [dtkl = detZ is the indefinite integral of
the compressibility. To insure that a solution to Eq. (78)
exists one must invoke the theorem of Fredholm alter-
native, requiring that the right-hand side of Eq. (78) be
orthogonal to the null space of (iL2 ) [21]. The null-
space of this operator consists of functions of the form [11]
F(H), where f(H§') can be any function of the adiabatic
Hamiltonian H§. Thus the condition to be satisfied is

/d/\/l > 2R (T sars)”

B>p'

) fHE) =0 (80)

To this end, there is no major difference with the proof
given in Ref. [3]: 2R (J(f)a 55/ (")ﬂﬁ) and f(HE) are re-
spectively an odd and an even function of P; this guar-

antees the validity of Eq. (80). Thus, one can write the
formal solution of Eq. (78) as

> 2 (Jaaﬁﬁ’ )ﬁﬁ/) » (81)

B>p

Pge)aa (iL5a+rg) ™
and the formal solution of Eq. (77) for a # o’ as

n+1l)a
e =

(z’Lfa, + kb >p<52““

Z ao’ ﬁﬁ’ v . (82)

aa/ 35’

aa’

Equations (81) and (82) allows one to calculate p%2 to
all orders in h once p( Jee i given. This order zero term

is obtained by the solution of (iLZ, + k{)pp (O)O‘a =0. All
higher order terms are obtained by the actlon of FE,qor, the
imaginary unit 7 and J2, g (involving factors of daa,

wb .. P, and derivatives with respect to P.
One can find a stationary solution to order & by consid-
ering the first two equations of the set given by Egs. (76)

and (77):

o pf5] = 0 (n=0), (83)
i[f0.05)] = +5 ({0,450 — {6, Flo})
l.p .
- & ppls (=1 (84)

For the O(1") term one can make the ansatz
1
po = detZd (C — HE) 6(€)0as ,  (89)
where @ is

5(C — Hy) (6)

Z/d/\/lé

and 6(&) is a compact notation for

l l
5&) = ] o) [T 0(6n) - (87)

v=1 n=1

The following expression for the order & term is obtained

_ e~ B(Ea—Epg)
smes _ P s [l-e B
PDe - MdaﬁpDe |: Eﬁ _ Ea + 9
(1 + e_ﬁ(Ea_EB))} (88)

for the O(h) term.

Equations (85) and (88) give the explicit form of
the stationary solution of the Dirac Liouville equation
up to order O(h). This stationary solution must be
used when calculating equilibrium averages in quantum-
classical systems with holonomic constraints on the clas-
sical variables.



VII. LINEAR RESPONSE THEORY

Consider a perturbed quantum-classical Hamiltonian

]:I(t):go—Fﬁ](t):ﬁo—AF(t) . (89)

Define the perturbed Liouville operator
icP(t) = [ﬁl ), .. ]

({ﬁl(t),...}D—{...,

DN — k| .

Hi(t)}p) - (90)

In general the perturbation can bring an additional term
to the compressibility of phase space

OB} 9A
0X; 0X;

i = —

F(t)=—-rQF(@). (91)

Using Egs. (5) and (13), one finds

l
WD = (61ndetz Z

7=

82" ) -a—A .(92)

In this case, the pertubed Liouville operator is not her-
mitian

1

GLP )T = —iLP(t) ~ 2[?”»?(75)7 e, (93)

+ denotes the anticommutator

ﬁD]'H H[ﬂﬂ

= i¥pp ++ppk?Y . (94)

3
~
>
S
+

I

x>
~U

The constrained evolution of the density matrix is ob-
tained from Eq. (72) by replacing Hy by H (t)

Do) = — [0, po(0)
5 (L. 500}~ (pp(0), Ho}o)
— win(0) - SO o) (9)

Assuming that the perturbed density matrix is pp(t) =
ppe + App(t) and that the system was in equilibrium in
the distant past, linear response theory gives

App(t) = — [ t dr exp[—iLPT(t — )it (T)ppe .

If one defines

icR() =

then iLP(t) = —F(t)iLY and Eq. (96) becomes

App(t) = / t dr F(r) exp[—iLPT(t — 7)iY ppe

/ drF(1)e —iLPl(t-7) (zEApDe
1.p .
+ §[KA,PDe]+ . (98)

The non-equilibrium average of any quantum-classical
operator B(X) can be calculated over the density matrix
pp(t), B = Tr' [dXB(X)pp(t) in order to determine
the response of the system to the external force.

AB(t) = Tr / dXB(X)App(t)

= /t dTCI)BA(t—T)]:(T), (99)

where the response function is defined as

. 1
®nalt) = <1 [ aXBCE0) (18000 + 515 ncls )
(100)

Equation (100) gives the response function for quantum-
classical systems with holonomic constraints on the clas-
sical variables. In analogy with the purely classical case,
analized in Ref. [8], if A(X) depends from the momenta
P the response function contains two contributions in
addition to the expression of ®p4(t) given in Ref. [3].
One of this contributions arises evidently from % and
the other comes from the factor detZ contained in the
expression for ppe.

Because a perturbation operator which depends only
on particle positions is usually adopted in order to derive
expressions for quantum-classical rate constants (typi-
cally the Heaviside function), the rate formulas derived
in Refs [4-6] also applies to a constrained system with
the exception that the correct constrained stationary ma-
trix, as derived in Sec VI, must be used. However, dif-
ferent calculations and different perturbation operators
may require the evaluation of the additional terms of the
response function here derived and one must be aware of
their existence.

VIII. CONCLUSIONS

In this paper the theory of quantum-classical systems
has been generalized in order to treat rigorously situa-
tions where the classical degrees of freedom must obey
holonomic constraints. The formalism here presented
has been obtained by unifying the classical Dirac bracket
with the quantum-classical bracket in matrix form. In
this way, a Dirac quantum-classical formalism, which
conserves the constraints exactly, has been introduced



and then used consistently to formulate the dynamics
and the statistical mechanics of quantum-classical sys-
tems with holonomic constraints. A first result has been
the derivation of the correct momentum-jump approxi-
mation which takes into account that, when a quantum
transition occurs, the momenta cannot cannot be scaled
as if they were unconstrained because, instead, the holo-
nomic constraints must be satisfied. Moreover, the Dirac
quantum-classical bracket allows one to derive easily lin-
ear response theory. This has shown that the rigorous
response function of constrained systems contains non-
trivial terms, which were already noted by this author in
classical mechanics, arising from the action of the per-
turbation operator on the phase space measure of unper-
turbed constrained systems and from the compression of
phase space which may be caused by the perturbation it-
self. These terms are zero if the external perturbation is

10

coupled only to the position coordinates of the classical
degrees of freedom.

If one considers with a wider perspective this work and
that of Ref. [15], dealing with the introduction of non-
Hamiltonian commutators in quantum mechanics, it can
be realized that a unified formalism for defining general-
ized dynamics in quantum-classical systems is now avail-
able. There are reasonable expectations of employing in
the future specific forms of such generalized dynamics in
order to attack the problem of long time numerical inte-
gration of quantum-classical dynamics.
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